
Practice Problem Set
BUSS386 Futures and Options

1 Volatility

The volatility of a stock price is 30% per annum. What is the standard deviation of the
percentage price change in one trading day?

2 BSM Assumption

What does the Black-Scholes-Merton stock option pricing model assume about the proba-
bility distribution of the stock price in one year? What does it assume about the probability
distribution of the continuously compounded rate of return on the stock during the year?

3 Using BSM Model

What is the price of a European call option on a non-dividend-paying stock when the stock
price is $52, the strike price is $50, the risk-free interest rate is 12% per annum, the volatility
is 30% per annum, and the time to maturity is three months?

4 Using BSM Model: No Dividend

Calculate the price of a three-month European put option on a non-dividend-paying stock
with a strike price of $50 when the current stock price is $50, the risk-free interest rate is
10% per annum, and the volatility is 30% per annum.
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5 Using BSM Model: With Continuous Dividend

What difference does it make to your calculations in the previous problem if a dividend of
$1.50 is expected in two months?

6 BSM Assumption

A stock price follows log-normal distribution (i.e., geometric Brownian motion) with an
expected return of 16% and a volatility of 35%. The current price is $38.

a What is the probability that a European call option on the stock with an exercise price of
$40 and a maturity date in six months will be exercised?

b What is the probability that a European put option on the stock with the same exercise
price and maturity will be exercised?

7 BSM Application

Assume that a non-dividend-paying stock has an expected return of µ and a volatility of σ.
An innovative financial institution has just announced that it will trade a derivative that
pays off a dollar amount equal to lnST at time T where ST denotes the values of the stock
price at time T .

a Use risk-neutral valuation to calculate the price of the derivative at time t in term of the
stock price, S, at time t.

b (Optional) Confirm that your price satisfies the differential equation
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8 (Optional) BSM Application

Consider a derivative that pays off Sn
T at time T where ST is the stock price at that time.

When the stock pays no dividends and its price follows geometric Brownian motion, it can
be shown that its price at time t(t ≤ T ) has the form

h(t, T )Sn
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where S is the stock price at time t and h is a function only of t and T .

a By substituting into the Black-Scholes-Merton partial differential equation derive an or-
dinary differential equation satisfied by h(t, T ).

b What is the boundary condition for the differential equation for h(t, T )?

c Show that
h(t, T ) = e[0.5σ

2n(n−1)+r(n−1)](T−t)

9 (Optional) BSM Differential Equation

With the notation used in the class

a What is N ′(x)?

b Show that SN ′ (d1) = Ke−r(T−t)N ′ (d2), where S is the stock price at time t

d1 =
ln(S/K) + (r + σ2/2) (T − t)

σ
√
T − t

(1)

d2 =
ln(S/K) + (r − σ2/2) (T − t)

σ
√
T − t

(2)

c Calculate ∂d1/∂S and ∂d2/∂S.

d Show that when

c = SN (d1)−Ke−r(T−t)N (d2) (3)

∂c
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(4)

where c is the price of a call option on a non-dividend-paying stock.

e Show that ∂c/∂S = N (d1).

f Show that the c satisfies the Black-Scholes-Merton differential equation.

g Show that c satisfies the boundary condition for a European call option, i.e., that c =
max(S −K, 0) as t tends to T .
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10 Black-Scholes-Merton Model

Consider a 3-month European put option on a non-dividend-paying stock. The current stock
price is $52, the strike price is $50, the risk-free interest rate is 12% per annum, and the
volatility is 30% per annum. What is the price of the put according to the Black-Scholes-
Merton model?

11 Valuation of a Derivative

Consider a derivative on a stock with the time to expiration T and the following payoff:
0 if ST < K1

K1 if K1 ≤ ST < K2

0 if K2 ≤ ST

where K2 > K1. Assume that stock price follows log-normal distribution. What is the
present value of the derivative? Provide an analytic expression of the price using N(), the
cumulative probability distribution function of a standard normal random variable.

12 One-Step Binomial Model

Consider a 2-year European put with strike price $100. The current stock price is $100 and
the stock price can move either up or down by 20% once during the life of the option. The
risk-free interest rate is 5% per annum.

a Find the option payoff at each of two stock prices at the expiration.

b Suppose that we are in time 0. Find the replicating portfolio of the option.

c What is the current price of the option?

13 Option Pricing in Discounted Cash Flow

Let’s revisit the European put in Question 1. This time, we want to use the DCF approach
to determine the option price. Risk-averse investors require the return on stock to be 7%
per annum.
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Strike Price Price Strike Price Price
130 20.00 150 5.50
135 15.60 155 3.50
140 11.60 160 2.10
145 8.20 165 1.20

a What is the real probability p∗ of an increase in the stock price?

b What is the discount rate for the put option in DCF? Find the annual rate rput in contin-
uous compounding.

c What is the current price of the put from DCF? Is this price the same as the price from
Question 1 (c)?

14 Making Sense of Option Price in the Market

On 12 November 2020, the market prices of call option on Johnson & Johnson stock is as
follows. The expiration date of these option is 16 April 2021.

The stock price on 12 November 2020 was $147.80. The risk-free interest rate is 0.5%
per annum. Suppose that a call option with strike price $130 is considered. The time to
expiration is 5/12 years. Suppose that a binomial tree with 10 steps is used to estimate the
option price. The volatility is estimated to be 30% per annum.

a Calculate u, d, and risk-neutral probability p.

b Construct the table showing the possible stock prices and option payoff at the option
maturity and their probabilities.

c What is the option price?

d Compare the theoretical price to the market price. Are they close to each other? What
can we do to better estimate the option price?

If the alternative estimate of volatility is used,

u = e0.299781
√

(5/12)/10, d = e−0.299781
√

(5/12)/10
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15 Application to Corporate Finance

A company’s current value of assets is $120 million and the volatility of the asset value is
10% per annum. The company has issued a debt whose face value is $100 million and it
needs to repay the debt in two years. The risk-free interest rate is 5% per annum. Use a
two-step binomial tree of the asset value in the following questions.

a What is the current value of the debt?

b What is the risk-neutral probability of the company’s default on the debt?

16 Distribution of Stock Prices

Consider a stock whose current stock price is $250 and its volatility is 20%. The risk-free
interest rate is 3% per annum. The future stock price is log-normally distributed. Risk-averse
investors require the stock return to be 10% per annum.

a What is the risk-neutral probability that stock price in year 2 is higher than $300?

b What is the real probability that stock price in year 2 is higher than $300?

17 Dynamic Replication

There are two main conceptual frameworks for pricing derivatives: (i) replicating portfolios
and (ii) risk-neutral pricing. Risk-neutral pricing states that the price of any derivative is
equal to the expectation of its discounted future payoffs, where the expectation is computed
using risk-neutral probabilities and discounting is at the risk-free rate: Price = e−rTE[Payoff],
where E[·] denotes the risk-neutral expectation. The replicating portfolio approach to pricing
an option should imply the same price as the risk-neutral pricing approach. In a multi-period
setting, however, constructing the replicating portfolio may be cumbersome. As an example,
consider a stock price that evolves according to the binomial tree below (Assume one-step is
1 year.):
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Assume that the risk-free rate is 11%. Using the replicating portfolio approach, we can
price a call option with maturity T = 2 and strike price K = 50 in five steps.

1. Determine the payoff from the call option at each node of the tree at the final node
t = 2.

2. Find the position ”delta” to invest in stocks and the amount of risk-free bonds in the
replicating portfolio at each node of the tree at t = 1.

3. Find the value of the replicating portfolio at each node of the tree at t = 1. By no
arbitrage, this is also the value of the call option at each node.

4. Repeat the step for the t = 0 node.
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